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Let H” = {u : u z a + 1, u 3 1 (mod a)}. It is well known that such sets are PBD-closed. 
Finite bases are found for these sets for a = 5, 6 and 7. 
1. Introduction 
The theory of PBD closure was developed by R.M. Wilson in a remarkable 
series of papers (see 9, 10 and 111). Amongst other results, he proved that every 
PBD closed set contains a finite basis, and illustrated this fact by presenting finite 
bases for certain instances. The following definitions allow these concepts to be 
made more precise. 
A pairwise balanced design (PBD) of index unity is a pair (V, A) where V is a 
finite set (of points) and A is a class of subsets of V (called blocks) such that any 
pair of distinct points of V occurs in exactly one of the blocks of A. 
A PBD[K, v] is defined to be a PBD(V, A) where IV1 = v and IBI E K for every 
B EA. Here K is a (finite or infinite) set of positive integers. 
If K consists of a single positive integer k, the resulting configuration is called a 
(v, k, 1) balanced incomplete block design (BIBD). 
If K is a (finite or infinite) set of positive integers, let B(K) denote the set of 
positive integers u for which there exists a PBD[K, u]. A set K is PBD-closed (or 
simply closed) if B(K) = K. Wilson has shown that every closed set K contains all 
sufficiently large integers u with v = 1 (mod cr(K)) and v(v - 1) = 0 (mod P(K)), 
where a(K) is the greatest common divisor of the integers {k - 1: k E K} and 
/3(K) is the greatest common divisor of the integers {k(k - 1): k E K}. As a 
consequence of this, as Wilson has pointed out, if K is a closed set, then there 
exists a finite subset J G K such that K = B(J). Such a set J is called a finite basis 
for the closed set K. Using the notation of Wilson [ll], let a be a positive integer. 
Then H” = {v: Y > a, v = 1 (mod a)} is closed. In fact, Wilson points out the 
following results. 
H2 = B((3, 5)) 
H3 = B((4, 7, 10, 19}), 
H4 = B((5, 9, 13, 17, 29, 33, 49, 57, 89, 93, 129, 137)). 
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It is clear that each closed set K has a unique minimal finite basis. An element 
x E K is said to be essential in K iff x $ B(K \ {x}), or equivalently x $ B( { y E 
K :y <x}). Thus in the unique minimal basis, every element is essential. In the 
basis for H4 above, not all listed elements are essential. Indeed, it was later 
shown that 89, 129, and 137 are not essential. Therefore it is also true that 
H4 = B((5, 9, 13, 17, 29, 33, 49, 57, 93)). 
It is improbable that this is minimal. It is the purpose here to provide the 
following bases: 
H5= B((6, 11, 16, 21, 26, 36, 41, 46, 51, 56, 61, 71, 86, 101, 116, 131, 141, 
146, 161, 166, 191, 196, 201, 206, 221, 226, 231, 236, 251, 261, 266, 281, 286, 
291, 296, 311, 316, 321, 326, 351, 356, 376, 386, 401, 416, 436, 441, 446, 476, 
491, 591, 596)). 
H6=B({7, 13, 19, 25, 31, 37, 43, 55, 61, 67, 73, 79, 97, 103, 109, 115, 121, 
127, 139, 145, 157, 163, 181, 193, 199, 205, 211, 223, 229, 235, 241, 253, 265, 
271, 277, 283, 289, 295, 307, 313, 319, 331, 349, 355, 361, 367, 373, 379, 391, 
397, 409, 415, 421, 439, 445, 451, 457, 487, 493, 499, 643, 649, 655, 661, 667, 
685, 691, 697, 709, 727, 733, 739, 745, 751, 781, 787, 811, 1063, 1069, 1231, 
1237, 1243, 1249, 1255, 1315, 1321, 1327, 1543, 1549, 1567, 1579, 1585, 1783, 
1789, 1795, 1801, 1819, 1831)). 
H7= B((8, 15, 22, 29, 36, 43, 50, 71, 78, 85, 92, 99, 106, 113, 127, 134, 141, 
148, 155, 162, 169, 176, 183, 190, 197, 204, 211, 218, 225, 239, 246, 253, 260, 
267, 274, 281, 295, 302, 309, 316, 323, 330, 337, 351, 358, 365, 372, 379, 386, 
414, 421, 428, 442, 575, 582, 589, 596, 603, 610, 701, 708, 715, 722, 827, 834, 
1205, 1212, 1219, 1226, 1261, 1268, 1275, 1282, 2031, 2038, 2045, 2066)). 
2. Constructions for pahwise balanced designs 
For the definition of group divisible design (GDD), transversal design (TD), 
resolvable balanced incomplete block design (RBIBD), and for a discussion of 
Wilson’s fundamental construction for group divisible designs, and relevant 
notation, see section 3 of [ll]. For the definition of incomplete transversal design, 
incomplete pair-wise balanced design (IPBD), and a discussion of the singular 
indirect product, and relevant notation, see section 2 of [6]. 
Let P be a finite set of positive prime integers. Define U(P) to be the smallest 
integer S such that, for any positive n, there exists an integer s such that 
n s s s it + 6 and (s, p) = 1 for every p E P, where as usual, (s, p) denotes the 
greatest common divisor of s and p. The function U(P) is investigated in [8], with 
particular reference to U(Pk) where Pk = {q s k, q prime}. The main result of 
interest here is the following lemma, taken from [8]. 
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Lemma 2.1. Let k be a positive integer. Then given any positive integer n, there 
exists an integer s such that n ss < n + U(Pk) and there exists a TD(k + 2, s). 
The following lemmas are useful in establishing finite bases for the sets H”. 
Lemma 2.2. Let a be a positive integer. Suppose that there exists a positive integer 
u such that u = 1 (mod a) and that there exist both a TD(a + 1, u - 1) and a 
TD(a + 1, u). Zf there exists a TD(u + 1, m), then m(u - l)(a + 1) + at + 1 is 
inessential in H” for 0 s t c m. 
Proof. By adjoining an ideal point ~0 to a TD(a + 1, u - l), and deleting any 
other point a GDD[{a + 1, u}] of type aU-‘(u - 1)’ is formed. Similarly by 
deleting a point from a TD(a + 1, u), a GDD[{a + 1, u}] of type aU(u - 1)’ is 
formed. 
Let Gr, G,, . . . , G+, denote the groups of a TD(u + 1, m). Truncate G1 to 
obtain a group G; of size t, and assign a weight a to each point of 
G;, Gz, . . . , G,, and assign weight (u - 1) to each point of G,,,. Apply Wilson’s 
fundamental theorem [ll] to obtain a GDD[{a + 1, u}] with group type 
(am)“-‘(at)‘((u - 1)m)‘. Ad join a point to each group to obtain a PBD[{at + 
1, (u - 1)m + 1, am + 1, a + 1, u}, m(u - l)(a + 1) + at + 11. Since {at + 1, (u - 
1)m + 1, am + 1) c H”, the result follows. 0 
Let V(a,b)={v:v=l (moda), a+lSvSb}. 
Theorem 2.3. Let a be a positive integer, and u be an integer such that u = 1 
(moda) and there exists a TD(a + 1, u - 1) and a TD(a + 1, u). Let 6 = U(PU_,) 
and let w be an integer such that 
(i) there exists a TD(u + 1, w) and 
(ii) w 2 6(u - l)(a + 1)/a. 
Then the set V(a, w(u - l)(a + 1) - a + 1) is a finite basis for H”. 
Proof. For any integer s > 6(u - l)(a + 1)/a, the inequality 
(s + 6)(u - l)(a + 1) + 1 C s(u - l)(a + 1) + as + 1 
holds. By the definition of w, all of the values congruent to 1 (mod a) in the 
interval [w(u - l)(a + 1) + 1, w(u - l)(a + 1) + aw + l] are (by Lemma 2.2) in- 
essential in H”. By the definition of 6, there exists an integer wl, satisfying 
w + 1 s w, c w + 6 such that there exists a TD(u + 1, wl) and trivially w1 2 
6(u - l)(a + 1)/a. Hence, since w,(u - l)(a + 1) - a + 1s w(u - l)(a + 1) + 
wa + 1, all values congruent to 1 (moda) in the interval [w(u - l(a + 1) + 
1, wI(u - l)(a + 1) - a + 1) are inessential in H”. A simple induction completes 
the proof. 0 
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The following values of U(P,J are required here and are cited from [8]. 
k LV’,J 
5 6 
7 10 
11 14 
13 22 
(Note that this function increases only when k is prime.) 
The following well known result is included for the sake of completeness. 
Lemma 2.4. Let D be a pairwise balanced design on v points, whose smallest 
blocks contain s elements and which contains a block L of length 1. Then 
v 2 l(s - 1) + 1, with equality only if there is a resolvable balanced complete block 
design (l(s - 1) + 1, s - 1, 1). 
Proof. Let w denote any point not on L in D. Since 03 is contained in a block with 
each of the points on L, there are at least 1 blocks containing a, each containing 
(s - 1) points other than m. Therefore v 2 l(s - 1) + 1. 
In the case of equality, all blocks other than L must contain precisely s points, 
and the configuration determined by removing the points of 1 is a RBIBD(l(s - 
1) + 1, s - 1, 1). Clearly any RBIBD(l(a - 1) + 1, s - 1, 1) can be extended to 
such a pairwise balanced design. 0 
3. A basis for H5. 
In Section 1, bases for H*, H3, and H4 were given. Unfortunately, the size of 
bases for H” which can be formed tends to increase rapidly with a, so that the 
basis given for H5 is considerably larger. We begin by pointing out that 
{6,11,16,21,26,36,41} . IS a set of essential elements in any basis for H5. Indeed, 
by Lemma 2.4, any PBD with block sizes from the above list which contains 
blocks of more than one size must contain at least 46 points, so any inessential 
elements in the above set must correspond to PBDs which contain blocks of only 
one size. If any of these are non-trivial (that is, do not consist of a single block) 
then there must be balanced incomplete block designs. But any balanced 
incomplete block design of index one with a block size 11 or more must contain at 
least 111 blocks, which reduces the problem to considering BIBDs of block size 6. 
By a Lemma 2.4 in the case I= s, such a design must contain at least 31 points, 
and the number v of such points must satisfy v = 1 or v = 6 (mod 15). The 
projective plane of order 5 provides an example for v = 31, and it is well known 
that there is no affine plane of order 6, so that the integer 36 is essential. Since 
41= 11 (mod 15), 41 is also essential. 
Since there exist both a TD(6,15) and TD(6,16), by Lemma 2.3, taking 
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w = 397, the set V(5, 35726) is a finite basis for H’. This result can be greatly 
improved after the following lemmas. 
Lemma 3.1. Let m be an integer such that there exists a TD(14, m). Then 
65m + 1% + 1 is inessential in HS for 0 s t s m. See Zhu [14]. 
Lemma 3.2. Let v be an integer such that v = 1 or v = 6 (mod 15) and v 5 6. Then 
v E B(6) with the possible exception of v E S, where S is the set of 99 values listed 
in Table 1 below. 
Table 1. 
16 21 36 46 51 61 81 141 166 
196 201 226 231 246 256 261 276 286 
316 321 336 346 351 376 406 411 436 
466 471 486 496 501 526 561 591 616 
646 651 676 706 711 736 741 766 771 
801 831 886 891 916 946 1011” 1066 1071 
1101 1131 1141 1156 1161 1176 1186 1191 1221 
1251 1276 1396 1401 1456 1461 1486 1491 1516 
1546 1611 1641 1671 1816 1821 1851 1881 1971 
2241 2601 3201 3471 3501 4191 4221 5391 5901 
171 
291 
441 
621 
796 
1096 
1246 
1521 
2031 
a See Corollary 3.13.1. 
Proof see [14]. The values 1551, 1636,3621, 3771, 4346,425l have been obtained 
by W.H. Mills (private communcation). 0 
Lemma 3.3. Let m be an integer such that there exists a TD(16, m). Then 
75m + 5t + 1 i.r inessential in H5 for 0 G t G m. 
Proof. Since 76 E B(6), there exists a GDD[{6}] with group type 51s. By 
extending the resolvable BIBD(65,5,1) to a PBD[{B, 16}, 811 and deleting a 
point not on the block of size 16, a GDD [{6,16}] with group type 516 is created. 
Applying Wilson’s fundamental theorem establishes the result. 0 
Lemma 3.4. Zf there exists a TD(19, m), then 90m + 5t + 1 Is inessential in H5 for t 
satisfying 0 G t < m. 
Proof. Apply Lemma 2.2 with a = 5, u = 16. Cl 
Lemma 3.5. Let v be an integer such that v = 1 (mod5) and v satisfies 
1876 < v < 35721. Zf v does not lie in the interval 2571 s v < 2606, then v is 
inessential in H’. 
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Proof. First consider the interval 2666 6 v s 35721. By Lemma 3.2, it is sufficient 
to establish the result in this range for v = 11 (mod 15) together with v E X = 
(3201, 3471, 3501, 4191, 4221, 5391, 5901). We first take care of values such that 
v = 11 (mod 15) using Lemma 3.1 in conjunction with appropriate m which satisfy 
m = 2 (mod 3). The results are given below. 
m 65m+l 80m + 1 
41 2666 3281 
47 3056 3761 
53 3446 4241 
59 3836 4721 
71 4616 5681 
83 5396 6641 
89 5786 7121 
101 6566 8081 
113 7346 9041 
131 8516 10481 
149 9686 11921 
167 10856 13361 
197 12866 15761 
227 14756 18161 
269 17486 21521 
323 20996 25841 
383 24896 30641 
443 28796 35441 
449 29186 35921 
Now if m = 1 (mod 3) in Lemma 3.1, then 65m + 15t + 1 = 6 (mod 15), so that 
the values of v in X are treated as follows. 
m 65m+l 80m + 1 
49 3186 3921 
61 3966 4880 
79 5136 6321 
The remaining values, apart from v satisfying 2006 s v s 2021, are dealt with by 
Lemmas 3.3 and 3.4 as below. 
Lemma 3.3 Lemma 3.4 
m 75m+l 80m + 1 m 90m + 1 95m+l 
25 1876 2001 23 2071 2186 
27 2026 2161 27 2431 2566 
29 2176 2321 29 2611 2756 
31 2326 2481 
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In the interval 2006 < u s 2021, we need only consider 2006 and 2021 in view of 
Lemma 3.2. but 2006 = 29.65 + 8.15 + 1 and 2021= 29.65 + 9.15 + 1. This com- 
pletes the lemma. 0 
Lemma 3.6. Suppose that there exists a PBD[H’, u] which contains a flat of order 
f and a TD(6, v -f + a) - TD(6, a), where 0 <a <f. Then w = 6v - 5f + 5a is 
inessential in H5, and there exists a PBD[H’, w] which contains a flat of order 
f +5a. 
Proof. The proof is analogous to that of construction 4.1 in [5]. 0 
For convenience, we record the well-known observation below. 
Lemma 3.7. Zf there is a resolvable BIBD with block size 5 and r resolution 
classes, then there exists a PBD[{6, r}, 5r + 11. 
Lemma 3.8. Suppose that a, t, and m are integers satisfying 0~ t G m and 
0 G a G m. Zf there exist a TD(8, m) and a TD(6, t), then there exists a 
TD(6,7m + t + a) - TD(6, a). 
Proof. See Wilson [12]. Cl 
For the existence of RBIBD(v, 5, l), see [4]. As authority for the existence of 
a TD(k, m), we use [2] unless otherwise indicated. 
Lemma 3.9. Zf v is any integer such that v = 1 (mod 5) and v satisfies 2571~ v < 
2606, then v is inessential in H5. 
Proof. Since there exists a TD(6,76), then there exists a PBD[{6,76}, 4561 with 
a flat of order 76. Also, since 380 + a = 7.53 + 9 + a, there exists a TD(6,380 + 
a) - TD(6, a) for 0 s a < 53. Hence the values of v such that v = 1 (mod 5) which 
satisfy 2356 c v 6 2621 are inessential in H5 by Lemma 3.6. Cl 
As the result of the above lemmas, note that if v 2 1876, then v is inessential 
in H5. 
Lemma 3.10. Suppose that there exists a TD(26, m). 
(i) Zf m = 0 (mod 5), then 26m + 5t + 1 is inessential in H’, for 0 G t sm. 
(ii) Zf m = 1 (mod 5), then 26m + 5t is inessential in H5 for 0 < t < m. 
Proof. There exists a trivial GDD[{26}] with group type 126. Also, since 
31 E B(6), there exists a GDD[{6}], with group type 25l6l. If there exists a 
TD(26, m), then by Wilson’s fundamental construction [ll], there exists a 
GDD[{6,26}] with group type m”(m + 5t)‘. To obtain the result, if m = 1 
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(mod 5), use the GDD as a PBD. If v = 0 (mod 5), then adjoin a new point to 
each group to obtain the required PBD. 0 
Lemma 3.11. Let v be any integer such that v = 1 (mod 5) and v satisfies v 2 1001. 
Then v ti inessential in H’. 
Proof. First use Lemma 3.6 to cover the following intervals. 
PBD with flat flat incomplete TD max a interval 
176( = 11 x 17) 11 165+a=11.15+a 11 1001-1056 
181( E B(6)) 6 175 + a = 7.25 + a 6 1056-1086 
Now apply Lemma 3.10 
m 26m 31m 
41 1066 1271 
Again apply Lemma 3.6 
PBD with flat flat incomplete TD max a interval 
241( = 6.40 + 1) 41 200+a=7.27+11+a 27 1241-1376 
246( = 6.41) 41 205 + a = 7.27 + 16 + a 27 1271-1406 
271( = 6.45 + 1) 46 225+a=7.32+1+~ 32 1396-1556 
276( = 6.46) 46 230+a=7.31+13+~ 31 1426-1581 
Now apply Lemma 3.10 again. 
m 26m 31m 
61 1586 1891 
These cover all required values in the interval 1001 =S v c 1891. This, together 
with the fact that the result is true for v 2 1876, establishes the lemma. Cl 
Lemma 3.12. Let v be any integer such that v = 1 (mod5) and v satisfies 
516 =G v s 996 and v does not lie in the intervals 591 s v s 596 or 966 s v s 996. 
Then v k inessential in H6. 
Proof. Note that there exists a BIBD(601,6, 1). Now apply Lemma 3.6 as below. 
PBD with flat flat incomplete TD max a interval 
91( E B(6)) 6 85+a=7.11+8+a 6 516-546 
106 (RBIBD(85,5,1)) 21 85+a=7.11+8+a 11 531-586 
106 (E B(6)) 6 lOO+a=7.13+9+a 6 606-636 
111 ( E B(6)) 6 105+a=7.15+a 6 636-666 
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m 26m+l 31m+l 
25 651 776 
Now again use Lemma 3.6. 
PBD with flat flat incomplete TD max a interval 
156(RBIBD(125,5,1)) 31 125 + a = 7.16 + 13 + a 16 781-861 
Now again apply Lemma 3.10. 
m 26m 31m 
31 806 961 
This completes the Lemma. Cl 
Lemma 3.13. There exists a TD(6,28) - TD(6,3) and u TD(6,29) - TD(6,4). 
Proof. These are constructed by the matrix-minus diagonal method of Wilson 
[13]. The following arrays lie in GF(25) as generated by x2 + 3 = 0. 0 
TD(6,28) - TD(6,3) 
- 0 1 2 3x+2 4x+4 
0 - 1 x+3 3x+4 2X+4 
0 1 - 2 x+3 4x+1 
0 2 4 - 4x+3 x+4 
0 3 2 3x+3 - 4 
0 4 X 3 3x+2 - 
0 x 3x+1 2x 2 4x+3 
0 x+2 4x+1 3x+2 2x+1 2x+2 
0 2x x+2 3x+1 4 x+3 
0 3x+1 4x+3 2X+1 4x+1 3x+4 
TD(6,29) - TD(6,4) 
- 0 1 2 3 4 
0 - 1 3 x+1 2x+1 
0 1 - x+3 3x+4 2X 
0 2 X - 2x+3 x+1 
0 X x+2 3x + 2 - 2x+2 
0 x+2 2 3x+1 2.x - 
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Corollary 3X3.1. There exists a PBD[{6,21}, 1711 and a PBD[{6,26}, 1761 which 
contains a unique block of size 26. Therefore 171 and 176 are inessential in H5. 
Further there exists a BIBD(lO1l, 5,l). 
Proof. To obtain the pairwise balanced designs in the enunication, apply Lemma 
3.6 to the BIBD(31,6,1) using a block of size 6 used as a flat. 
Note that one can apply Lemma 3.6 to the PBD[ {6,26}, 1761 above, using the 
block of size 26 as a flat. Using the value a = 17, noting that 167 = 7.19 + 17 + 17, 
yields a PBD [ (6, ill} , 101 l] which contains a unique block of size 111, which 
can be “replaced” by a BIBD(lll, 6,1) to yield a BIBD(lO1l, 6,1). Cl 
Lemma 3.14. Suppose that v is any integer such that v = 1 (mod 5) and v satisfies 
v 3516. Zf v $ (591, 596}, then v is inessential in H5. 
Proof. In view of Lemmas 3.11 and 3.12, it is sufficient to treat the interval 
966 G v 6 996. This is dealt with using Lemma 3.6 and Corollary 3.13.1 and the 
following table. 
PBD with flat flat incomplete TD max a interval 
176 26 150+a=17.19+17+a 19 926-1021 
This establishes the result. 0 
We are now in a position to prove the main result of this section. 
Table 2. A basis for H5. 
6 11 16 21 26 36 41 46 51 56 
61 71 86 101 116 131 141 146 161 166 
191 196 201 206 221 226 231 236 251 261 
266 281 286 291 296 311 316 321 326 351 
356 376 386 401 416 436 441 446 476 491 
591 596 
Theorem 3.15. The 52 values in Table 2 above are a basis for H’. 
Proof. In view of the above, we need only consider v s 511. After eliminating 
those values in B(6), the set of values (81, 171, 176, 246, 256, 276, 336, 341, 346, 
371, 406, 411, 431, 461, 466, 471, 486, 496, 501, 506) remain. These are treated 
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below. (In all applications of Lemma 3.6, the 
Incomplete Transversal Design is immediate.) 
81= 65 + 16 RBIBD(65,51) 
171 Corollary 3.13.1 
176 Corollary 3.13.1 
246 = 6.41 
256 = 162 
276 = 11.25 + 1 
336 = 6.56 
341= 6.55 + 11 (Lemma 3.6, f = 11) 
346 = 6.55 + 16 (Lemma 3.6, f = 11) 
371= 6.60 + 11 (Lemma 3.6, f = 6) 
406 = 325 + 81 
411= 6.65 + 21 (Lemma 3.6, f = 16) 
431= 6.70 + 11 (Lemma 3.6, f = 6) 
461= 6.75 + 11 (Lemma 3.6, f = 6) 
466 = 6.75 + 16 (Lemma 3.6, f = 16) 
471= 6.75 + 21 (Lemma 3.6, f = 16) 
486 = 6.81 
496 = 16.31 
501= 6.80 + 21 (Lemma 3.6, f = 16) 
506 = 405 + 101 
Thus all required cases are covered. Cl 
existence of the required 
(66 = 6.11) 
(66 = 6.11) 
66 E B(6) 
3 RBIBD(325,5,1) 
81= 65 + 16(RBIBD) 
81= 65 + 16(RBIBD) 
91= 6.15 + 1 
91= 6.15 + 1 
96 = 6.16 
3 RBIBD(405,5,1) 
4. A basis for I-I6 
Since there exist both a TD(7,12) and TD(7,13), and since U(P,,) = 14, the 
following lemma is immediate from Lemma 2.3 (using w = 197). 
Lemma 4.1. The set V(7, 16543) is a bask for H6. 
To improve upon this result, we note the following. 
Lemma 4.2. If m satisfies 
(i) m = 1 (mod6), and 
(ii) there exists a TD(43, m), 
then 43m + 6t is inessential in H6 for 0 c t c m. 
Proof. There exists a BIBD (49,7,1). Considering this, the proof is analogous to 
that of Lemma 3.10. q 
228 R. C. Mullin 
Lemma 4.3. Suppose that there exists a PBD[H6, v] which contains a fZat of order 
f, and there exists a TD(6, v -f + a) - TD(6, a), where 06 a sf. Then w = 
7v - 6f + 6a is inessential in H6. 
Proof. The proof is that of Theorem 3.6, mutatis mutandis. q 
The following theorems are direct analogues of Lemmas 3.7 and 3.8 
respectively. 
Lemma 4.4. Zf there exists a resolvable BIBD with block size 6 and r resolution 
classes, then there exists a PBD[{7, r}, 6r + l] which contains a unique flat of 
order r. 
Lemma 4.5. Suppose that a, t, and m are integers satisfying 0 s t cm and 
0~ a G m. Zf there exists a TD(8, m) and a TD(7, t), then there exists a 
TD(7,7m + t + a) - TD(7, a). 
Lemma 4.6. Suppose there exists a TD(k, s), a TD(k, s + l), a TD(k, s + 2), a 
TD(k + t + 1, m) and a TD(k, s + t + u) where u E (0, 1). Then there exists a 
TD(k, ms + t + a) - TD(k, a) for 0 <a G m - 1 + u. (cf. Zhu [14]). 
Proof. This follows from Wilson’s constructions [12]. 0 
Corollary 4.6.1. Zf there exists a TD(8 + t, m) and a TD(7, 7 + t + u) where 
u E (0, l}, then there exists a TD(7, 7m + t + a) - TD(7, a), for 0 c a <m - 1 + 
U. 
Lemma 4.7. Let m be an integer such that there exists a TD(14, m). Then 
84m + 6t + 1 i+s inessential in H6. 
Proof. Take a = 6 and u = 13 in Lemma 2.2. Cl 
Lemma 4.8. Zf v satisfies v = 1 (mod 6) and v 2 1849, then v is inessential in H6. 
Proof. Consider the following intervals. 
m 43m 49m Lemma 4.2 
43 1849 2107 
49 2107 2401 
m 84m + 1 90m + 1 Lemma 4.7 
27 2269 2431 
29 2437 2611 
31 2605 2791 
m 43m 
61 2623 
67 2881 
73 3139 
79 3397 
Now apply Lemma 4.3. 
PBD with flat 
595 = 7.85 
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49m 
2989 
3283 
3577 
3871 
Lemma 4.2 
flat incomplete TD max a interval 
85 510 = 7.71+ 13 + a 71 3655-4081 
Now return to Lemmas 4.2 and 4.7. 
m 84+1 
47 3949 
m 43m 
97 4171 
109 4687 
121 5203 
127 5461 
139 5977 
151 6493 
163 7009 
181 7783 
199 8557 
223 9589 
241 10363 
271 11653 
307 13201 
343 14749 
90m + 1 Lemma 4.7 
4231 
49m 
4753 
5341 
5929 
6223 
6811 
7399 
7987 
8869 
9751 
10927 
11809 
13279 
15043 
16807 
Lemma 4.2 
This establishes the lemma. 0 
Lemma 4.9. Zf there exists a TD(8, m), then 48m + 1 E B[{7, 6m + l}]. 
Proof. Since 49 E B(7), there exists a GDD[{7}] of group type 6’. Apply 
Wilson’s fundamental theorem [ 111, 
Lemma 4.10. Suppose that v satisfies v = 1 (mod6) and v 2 1075. Then v is 
inessential in H6 with the possible exception of v E (1231, 1237, 1243, 1249, 1255, 
1315,1321,1327,1543,1549,1567,1579,1585,1783,1789,1795,1801, 1819,1831}. 
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Proof. We begin with Lemma 4.3. 
PBD with flat 
175 = 7.25 
175 = 7.25 
187(RBIBD(156,6,1)) 
217 = 7.31 
Use Lemma 4.7. 
m 84m+l 
17 1429 
Again, use Lemma 4.3. 
PBD with flat 
259 = 7.37 
flat incomplete TD 
25 150+a=7.19+17+a 
7 168 + a = 7.23 + 7 + a 
7 180+u=7.25+5+~ 
(Corollary 4.6.1, u = 1) 
31 186 + a = 7.25 + 11 + u 
90m + 1 
1531 
flat incomplete TD 
37 222+u=7.31+5+~ 
(Corollary 4.6.1, u = 1) 
max a interval 
19 1075-1189 
7 1183-1225 
7 1267-1309 
25 1333-1483 
max a interval 
31 1591-1777 
The above intervals cover all cases except for the appropriate u in the intervals 
listed below. 
1231 s v s 1261 
1315 s v s 1327 
1537 c v =z 1585 
1783 G v s 1843 
All but one of the remaining cases, namely 1837, are covered in the following. 
List of equations 
1261= 13.97 
1537 = 48.32 + 1 (Lemma 4.9) 
1555 = 7.222 + 1 
1561= 7.223 
1573 = 13.121 
1807 = 13.139 
1813 = 7.259 
1825 = 25.73 
1843 = 19.97 
The remaining case, v = 1837, can be disposed of as follows. We apply a more 
general form of the indirect product (see [5]). Note that since there exists a 
TD(7,12), there exists a PBD[{7,13}, 851 with a flat of order 13. Also there 
Finite bases for some PBD-closed sets 231 
exists a TD(25,73) - TD(25,l). Since 1837 = 25(85 - 12) + 12, it is inessential 
in H6. Cl 
Lemma 4.11. Let v be any integer such that v = 1 (mod 6) which satisfies 
505 s v c 1069. Then v is inessential in H6 with the possible exception of v in the 
intervals 643~~ ~667, 727~~ ~751, or v E (685, 691, 697, 709, 781, 787, 811, 
1063, 1069). 
Proof. We begin by using Lemma 4.3. 
PBD with flat 
85=7.12+1 
91= 7.13 
flat incomplete TD max a interval 
13 72+a=7.9+9+a 9 517-571 
13 78+a=7.11+1+a 11 559-625 
595-637 
817-907 
91= 7.13 7 84+a=7.11+11+a 7 
133 = 7.19 19 114+a=7.16+2+a 15 
(Corollary 4.6.1, u = 0) 
151= 126 + 25(RBIBD) 25 126+a=7.17+7+a 17 
151= 126 + 25(RBIBD) 7 144+a=7.19+11+a 17 
This covers all possibilities except those in the intervals listed below. 
907-1009 
1015-1057 
505=SvS511 
643~~~811 
1063 s v s 1069 
The remaining cases are treated below. 
505 = 7.72 + 1 757 = 7.108 + 1 
511= 7.73 763 = 7.109 
673 = 7.96 + 1 769 = 48.16 + 1 (Lemma 4.9) 
679 = 7.97 775 = 25.31 
703 = 19.37 793 = 13.61 
715 = 7.102 + 1 799 = 7.114 + 1 
721= 7.103 805 = 7.115 
These equations establish the lemma. 0 
Lemma 4.12. The values of v E (49, 85, 91, 133, 151, 169, 175, 187, 217, 247, 
259, 301, 325, 337, 343, 385, 403, 427, 433, 463, 469, 475, 481) are inessential 
in H6. 
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Proof. Consider the following. 
49 E B(7) (AG(277)) 
85=7.12+1 
91=7.13 
133 = 7.19 
151= 126 + 25 (RBIBD) 
169 = 13* 
175 = 7.25 
187 = 156 + 31 (RBIBD) 
217 = 7.31 
247 = 13.19 
259 = 7.37 
301 = 7.43 
325 = 13.25 
337 = 48.7 + 1 (Lemma 4.9) 
343 = 7.49 
385 = 48.8 + 1 (Lemma 4.9) 
403 = 13.31 
427 = 7.61 
433 = 48.9 + 1 (Lemma 4.9) 
463=7.66+1 
469 = 7.67 
475 = 19.25 
481= 13.37 
These conditions establish the lemma. I3 
The foregoing can be summarized as follows. 
Theorem 4.13. The 98 values given in Table 3 are a basis H6. 
Table 3. 
7 13 19 25 31 37 43 55 
73 79 97 103 109 115 121 127 
157 163 181 193 199 205 211 223 
241 253 265 271 277 283 289 295 
319 331 349 355 361 367 373 379 
409 415 421 439 445 451 457 487 
643 649 655 661 667 685 691 697 
733 739 745 751 781 787 811 1063 
1237 1243 1249 1255 1315 1321 1327 1543 
1579 1585 1783 1789 1795 1801 1819 1831 
61 67 
139 145 
229 235 
307 313 
391 397 
493 499 
709 727 
1069 1231 
1549 1567 
5. A basis for H’ 
In this section, we find a basis for H’ which has fewer elements than that found 
for H6. This is because both 7 and 8 are prime powers. The importance of this 
fact becomes apparent in Lemma 5.1. 
Lemma 5.1. The set V(7, 4530) is a basis for H’. 
Proof. Apply Lemma 2.3 with a = 7, u = 8, w = 81. q 
The following lemmas are useful in improving this result. 
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Lemma 5.2. Suppose that there exists a PBD[H7, v] which contains a fiat of sizef 
If there exists a TD(8, v -f + a) where a E (0, l}, then 8v - 7f + 7a is inessential 
in H7. 
Proof. Again this is a special case of the indirect product (see [5]). 
Lemma 5.3. Zf there exists a TD(8, m) where m = 0 or 1 (mod 7), m > 1, then 
8m + 1 or 8m respectively is inessential in H7. 
Proof. Immediate. Cl 
Lemma 5.4. Zf there exists a resolvable BIBD(v, 8, 1) with r resolution classes, 
then 7v + 7t + 1 is inessential in H7 for 0 < t zz r. 
Proof. Since (57, 64) c B(8), there exist group divisible designs GDD[{8}] of 
group types 78 and 79 respectively. 
Adjoin t new points to obtain a PBD[{8,9, t}, v + t], and form a group 
divisible design GDD[{8,9}] of type 1”t’ by taking as groups the block of size t 
and the remaining points as groups of size 1. Apply Wilson’s fundamental 
construction [ 111. 0 
Lemma 5.5. Zf there exists a TD(9, m), then 56m + 7t + 1 is inessential in H7 for 
OGtCm. 
Prrof. Apply Lemma 2.2 with a = 7 and u = 8. 
Lemma 5.6. Let m be an integer satisfying 1~ m G 43, where m = 1 (mod 7). 
Then 57m is inessential in H7. 
Proof. See [3], Theorem 3.8. Cl 
Lemma 5.7. Suppose that v is any integer satisfying v = 1 (mod 7) and v > 449. 
Then v is inessential in H7 with the possible exception of v in the intervals 
575 s v c 610, 701 c v s 722, 827 s v s 834, 1205 s v c 1226, 1261 c v c 1282, 
2031 s v s 2045 or v = 2066. 
Proof. Begin by applying Lemma 5.5 
m 56m+l 63m + 1 
8 449 505 
9 505 568 
11 617 694 
13 729 820 
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Now use Lemma 5.4 and the fact that there exists an RBIBD(120,8,1) to cover 
the following interval. 
841~V~960. 
Continue with Lemma 5.5. 
m 56m+l 63m + 1 
17 953 1072 
19 1065 1198 
23 1289 1450 
25 1401 1576 
27 1513 1702 
29 1625 1828 
32 1793 2017 
37 2073 2332 
41 2297 2584 
43 2409 2710 
47 2633 2962 
53 2969 3340 
59 3305 3718 
61 3417 3844 
67 3753 4222 
73 4089 4600 
These cover all required v except for v in the intervals below. 
575~~~610 
701~~~722 
827~1~~834 
1205 s v s 1282 
2024 G v s 2066 
For the remaining cases, note the following equations. 
1233 = 8.154 + 1 
1240 = 8.155 
1247 = 29.43 
1254 = 22.57 (Lemma 5.6) 
2024 = 8.253 
2052 = 36.57 (Lemma 5.6) 
2059 = 29.71 
This completes the proof. 0 
Lemma 5.8. The elements (57, 64, 120, 232, 288, 344, 393, 400, 407, 435, 449) 
are inessential in H7. 
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Proof. Consider the following. 
57 E B(8) PG(2,7) 
64 E B(8) AG(2,8) 
120 E B(8) 
232 = 8.29 
288 E B(8) (See W) 
344 E B(8) 73 + 1 (See [7]) 
393=8.49+1 
400 E B(8) Lines in PG(3,7) 
407=8.50+7 (Lemma 5.2) 
435 = 15.29 
449=8.56+ 1 
This completes the lemma. Cl 
As a result of the above, we have the following. 
Theorem 5.9. The 77 values given in Table 4 are a basis for H’. 
Table 4. A basis for H’. 
8 15 22 29 36 43 50 71 78 
92 99 106 113 127 134 141 148 155 
169 176 183 190 197 204 211 218 225 
246 253 260 267 274 281 295 302 309 
323 330 337 3.51 358 365 372 379 386 
421 428 442 575 582 589 596 603 610 
708 715 722 827 834 1205 1212 1219 1226 
1268 1275 1282 2031 2038 2045 2066 
85 
162 
239 
316 
414 
701 
1261 
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